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Abstract
First Kajiwara then Leiterer gave geometric or cohomological criteria in the spirit of the Grauert–Oka
principle for an open subset D of a Stein manifold M to be itself Stein. We give here criteria analogous
to Leiterer’s, e.g., for a relatively open subset D of a closed complex Hilbert submanifold M of separable
Hilbert space to be itself biholomorphic to a closed complex Hilbert submanifold of separable Hilbert space.
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Résumé
On donne ici d’après Leiterer un critère cohomologique p. ex. pour un ouvert relatif d’une sous-variété
fermée complexe de l’espace de Hilbert soit biholomorphe à une sous-variété du même type.
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Kajiwara in [1] gave a converse to the Grauert–Oka principle over finite dimensional complex
manifolds involving topologically trivial holomorphic multiplicative Cousin problems with val-
ues in complex Lie groups; see also [2]. Soon afterwards Leiterer [4] proved another converse to
the Grauert–Oka principle involving topologically trivial holomorphic vector bundles. Recently,
Kajiwara, Li and Shon in [3] have extended Kajiwara’s earlier work [1] to infinite dimensions.
In this paper we look at an infinite dimensional analog of the question of characterizing,
based on the Grauert–Oka principle in the manner of [4] by Leiterer, when open subsets of Stein
manifolds are themselves Stein manifolds. Since the class of Stein manifolds has not yet been
generalized to complex Banach manifolds characterized by some inherent abstract conditions,
and since the proof of Leiterer begins by embedding Stein manifolds in complex Euclidean space,
we just look instead at the class of closed split complex Banach submanifolds of pseudoconvex
open subsets of Banach spaces with an unconditional basis. There has been good progress on
such Banach manifolds, due mainly to the work of Lempert and some of his students (see, e.g.,
[5–8,11,12]), that enables us here to give an analog of [4]. Our main result is Theorem 3.4. For
background see Section 2 and [5,7,8].
2. Background
In this section we list some background definitions and theorems.
For us a complex Banach manifold M modelled on a Banach space X is a paracom-
pact Hausdorff space M with an atlas of biholomorphically related charts onto open subsets of
X. If an open subset U ⊂ M is biholomorphic to a pseudoconvex open subset of X, then we
call U coordinate pseudoconvex, and if U is biholomorphic to an open ball in X, then
we call U a coordinate ball. Denote by O(M,N) the set of holomorphic maps from a
complex Banach manifold M to another N . If N is a Banach space or a holomorphic Banach
vector bundle over M , then denote by ON → M the sheaf of germs of holomorphic sections of
N → M .
We say that a closed complex Banach submanifold N ⊂ M is split if the associated short
exact sequence 0 → TxN → TxM → QxN → 0 of tangent spaces Tx and normal spaces Qx is
a split short exact sequence of Banach spaces for all x ∈ N .
Following [6] by Lempert we say that plurisubharmonic domination holds in a
complex Banach manifold M if for any u : M → R locally upper bounded there is a ψ : M → R
continuous and plurisubharmonic such that u(x) < ψ(x) for all x ∈ M . This is a kind of holo-
morphic convexity property of M .
Theorem 2.1. Let X be a Banach space with an unconditional basis, and Ω ⊂ X pseudoconvex
open. Then the following hold.
(a) (Lempert [6]). Plurisubharmonic domination holds in Ω .
(b) (Zerhusen [12]). For any u : Ω → R locally upper bounded there are a Banach space Y with
an unconditional basis and a holomorphic h ∈O(Ω,Y ) with u(x) < ‖h(x)‖ for all x ∈ Ω .
If X is an Lp-space, 1 < p < ∞, then Y above can be taken to be an Lp-space with the
same p.
Theorem 2.2 below is useful in dealing with certain Banach manifolds.
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M ⊂ Ω a closed split complex Banach submanifold of Ω , and E → M a holomorphic Banach
vector bundle with a Banach space Z for fiber type. If plurisubharmonic domination holds in
every pseudoconvex open subset of Ω , then we have the following.
(a) Let Z1 = p(Z) = {z = (zn): zn ∈ Z, ‖z‖ = (∑∞n=1 ‖zn‖pZ)1/p < ∞} for 1 p < ∞. Then
E ⊕ (M ×Z1) and M ×Z1 are holomorphically isomorphic over M .
(b) The sheaf cohomology groups Hq(M,OE) vanish for all q  1.
(c) If E is continuously trivial over M , then E is holomorphically trivial over M .
(d) For any open U ⊂ Ω with M ⊂ U , there is a pseudoconvex open ω ⊂ Ω with M ⊂ ω ⊂ U .
(e) There is a holomorphic neighborhood rectraction r : ω → M , where ω is pseudoconvex open
with M ⊂ ω ⊂ Ω , and r is holomorphic with r(x) = x for x ∈ M .
(f) Let I → Ω be the subsheaf of OZ of germs that vanish on M . Then Hq(Ω, I) = 0 for
q  1, and any holomorphic f ∈ O(M,Z) extends to a holomorphic F ∈ O(Ω,Z) with
F(x) = f (x) for x ∈ M .
Proof. See [7,8,11]. 
3. Open subsets of Banach submanifolds
Among finite dimensional complex manifolds the class of Stein manifolds can be character-
ized by cohomological criteria. There are also cohomological criteria for open subsets D of a
Stein manifold M to be themselves Stein. Here is one such criterion by Leiterer.
Theorem 3.1. (Leiterer [4].) Let M be a Stein manifold of complex dimension n, and D ⊂ M
open. Then the following are equivalent.
(a) D is a Stein manifold.
(b) H 1(D,O) = 0, and any topologically trivial holomorphic vector bundle over D is holomor-
phically trivial over D.
(c) H 1(D,O) = 0, and for every corank 1 holomorphic vector subbundle E of D × C2n+1
such that for some m the bundle E ⊕ (D × Cm) is topologically trivial over D, there is a
topologically trivial holomorphic vector bundle F → D with E ⊕F holomorphically trivial
over D.
(d) H 1(D,OE) = 0 for every corank 1 holomorphic vector subbundle E of D × C2n+1.
(e) For every choice of holomorphic functions g1, . . . , g2n+1 ∈ O(D) without common zeros
in D there are holomorphic functions f1, . . . , f2n+1 ∈ O(D) with ∑2n+1i=1 fi(x)gi(x) = 1
for x ∈ D.
Let us recall some statements about pseudoconvex open subsets of Banach spaces.
Proposition 3.2.
(a) If X is a Banach space, and Ω ⊂ X is open, then the following are equivalent.
(i) Ω is pseudoconvex open.
(ii) Ω is slicewise pseudoconvex open (i.e., Ω ∩ X0 is pseudoconvex open in X0 for each
finite dimensional complex affine subspace X0 of X).
(iii) Ω is locally pseudoconvex open (i.e., for each boundary point x0 ∈ ∂Ω there is a pseu-
doconvex open U ⊂ X with x0 ∈ U and Ω ∩U pseudoconvex open in X).
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(b) If X is a Banach space, Ωn ⊂ X is pseudoconvex open in X, and Ωn ⊂ Ωn+1 for all n 1,
then the union Ω =⋃∞n=1 Ωn is also pseudoconvex open in X.
(c) An open subset Ω ⊂ X of a Banach space X with a Schauder basis is pseudocon-
vex if for each sequence xn ∈ Ω , n  1, tending to any boundary point x0 ∈ ∂Ω there
is a holomorphic function f ∈ O(Ω) that is unbounded along the sequence (xn), i.e.,
lim supn→∞ |f (xn)| = ∞.
Proof. See [9] or [10]. Part (c) follows from the Levi–Oka theorem [10, Théorèm 6.3, p. 99]. 
Proposition 3.3, especially its part (d), will be useful in the proof of our main result Theo-
rem 3.4 below.
Proposition 3.3.
(a) If X is a Banach space, and an open set Ω ⊂ X is biholomorphic to a pseudoconvex open
subset of X, then Ω is pseudoconvex open in X.
(b) If X = X′ ×X′′ is a direct decomposition of Banach spaces, π : X → X′ × {0} is the projec-
tion π(x′, x′′) = (x′,0), Ω ⊂ X is pseudoconvex open, and Ω ′ ⊂ X′ × {0} is pseudoconvex
open (relative to X′), then π−1(Ω ′)∩Ω is pseudoconvex open in X.
(c) Let X be a Banach space, and Ω ⊂ X open. If M ⊂ Ω is a closed split complex Banach
submanifold of Ω and r : Ω → M is a holomorphic rectraction, then for each x0 ∈ M there
are a ball U ′ = BX(x0, ε′) in X, a direct decomposition X = X′ × X′′ of Banach spaces,
and biholomorphisms bi : U ′ → Vi , i = 1,2, onto open neighborhoods Vi of x0 in X such
that π ′ = b2 ◦ r ◦ b1 is of the form π ′(x) = π(x − x0) + x0 for x in a ball U = BX(x0, ε)
with 0 < ε < ε′, where π is a complex linear projection as in (b).
(d) Let X be a Banach space with a Schauder basis, and Ω ⊂ X pseudoconvex open, M ⊂ Ω a
closed split complex Banach submanifold of Ω . Suppose that plurisubharmonic domination
holds in every pseudoconvex open subset of Ω . Let D ⊂ M be a relatively open subset of M .
If at every boundary point x0 ∈ ∂D relative to M there is a coordinate ball U in M with
x0 ∈ U and D ∩ U coordinate pseudoconvex, then there is a pseudoconvex open subset D˜
of Ω with D = D˜ ∩M .
(e) Let X be a Banach space with a Schauder basis, Ω ⊂ X pseudoconvex open, and M ⊂ Ω a
closed split complex Banach submanifold of Ω . Suppose that plurisubharmonic domination
holds in every pseudoconvex open subset of Ω . Let D ⊂ M be a relatively open subset
of M , E → D a continuous Banach vector bundle with a Banach space Z for fiber type, and
Z1 = p(Z) for 1 p < ∞. Then E ⊕ (D ×Z1) is continuously isomorphic to D ×Z1.
(f) Let M be a complex Banach manifold modelled on a Banach space X, Z1,Z2 Banach
spaces, and g ∈O(M,Hom(Z1,Z2)). If g(x) ∈ Hom(Z1,Z2) is an epimorphism with split
kernel for each x ∈ M , then the set K = Kerg = {(x, ζ1) ∈ M ×Z1 : g(x)ζ1 = 0} is a holo-
morphic Banach vector subbundle of M ×Z1 over M .
(g) Let X be a Banach space, X∗ its dual space, and ξn ∈ X∗, n 1, with ‖ξn‖ → ∞ as n → ∞.
Then there is an x0 ∈ X with |ξn(x0)| unbounded as n → ∞.
(h) If U1,U2 are open subsets of a complex Banach manifold M , and plurisubharmonic domi-
nation holds in U1 and in U2, then plurisubharmonic domination holds in V = U1 ∩U2.
(i) Let Ω be a complex Banach manifold and M a closed complex Banach submanifold of Ω . If
plurisubharmonic domination holds in Ω , then it does also in M .
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(b) As π−1(Ω ′) ∩ Ω is the intersection of two pseudoconvex open subsets π−1(Ω ′) =
Ω ′ ×X′′ and Ω of X, the statement follows.
(c) It is easy to see that at any point x0 ∈ M the Fréchet differential (dr)(x0) ∈ End(X) is a
linear projection with split kernel. Hence is the statement.
(d) Theorem 2.2(e) gives us a holomorphic retraction r : Ω ′ → M , where Ω ′ is pseudoconvex
open in X with M ⊂ Ω ′ ⊂ Ω . There is a continuous radius function ε′ ∈ C(M, (0,1)) so small
that over the ball BX(x0, ε′(x0)) ⊂ Ω ′, x0 ∈ M , the retraction r can be linearized to a linear
projection by a biholomorphism; see part (c). By a standard argument with a partition of unity
there is a continuous radius function ε′′ ∈ C(M, (0,1)) so small that ε′′ < ε′ and over the ε′′-balls
a doubling inequality holds for ε′, i.e., for all x0 ∈ M we have that ε′′(x0) < ε′(x0), and 12ε′(z) <
ε′(y) < 2ε′(z) for all y, z ∈ BX(x0, ε′′(x0))∩M . Theorem 2.2(d) gives first a pseudoconvex open
subset ω′ of X, and then another pseudoconvex open subset ω ⊂ X with
M ⊂ ω ⊂ ω ∩Ω ′ ⊂ ω′ ⊂ ω′ ∩Ω ′ ⊂
{
x ∈ Ω ′: ∥∥x − r(x)∥∥< 1
4
ε′′
(
r(x)
)}
.
Let D˜ = r−1(D)∩ω. Then D˜ is an open subset of Ω , and D˜ ∩M = D since if x ∈ D˜ ∩M , then
r(x) = x ∈ D, and if x ∈ D, then x ∈ r−1(D)∩M ⊂ D˜ ∩M .
Take an exhaustion Ω ′n, n 1, of Ω ′: let Ω ′n ⊂ Ω ′ be bounded pseudoconvex open such that
Ω ′n ⊂ Ω ′n ⊂ Ω ′n+1 for all n 1, and Ω ′ =
⋃∞
n=1 Ω ′n.
As D˜ = ⋃∞n=1(D˜ ∩ Ω ′n), it is enough by Proposition 3.2(b) to show that D˜′ = D˜ ∩ Ω ′n is
pseudoconvex open for each n 1. To do the latter we check the condition Proposition 3.2(a)(iii)
for D˜′. As Ω ′n is bounded, so is D˜′ = D˜ ∩ Ω ′n. Let x0 ∈ ∂D˜′ be any boundary point of D˜′. As
x0 ∈ Ω ′n ⊂ Ω ′n+1 ⊂ Ω ′, we see that x0 lies in Ω ′, and thus our retraction r is defined at x0. Since
there are points xj ∈ D˜′ with xj → x0 as j → ∞, we see that D  r(xj ) → r(x0) as j → ∞,
i.e., r(x0) is in the closure of D relative to M .
We claim that if V ⊂ BX(r(x0), 14ε′′(r(x0)))∩M , then r−1(V )∩ω′ ⊂ BX(r(x0), ε′(r(x0))).
Indeed, we must show for x ∈ r−1(V ) ∩ ω′ that ‖x − r(x0)‖ < ε′(r(x0)). As r(x) ∈ V , and
x ∈ ω′, we have the inequalities
∥∥r(x)− r(x0)∥∥< 14ε′′
(
r(x0)
) ∥∥x − r(x)∥∥< 1
4
ε′′
(
r(x)
)
,
from which we find upon adding that
∥∥x − r(x0)∥∥< 14ε′′
(
r(x0)
)+ 1
4
ε′′
(
r(x)
)
<
1
4
ε′
(
r(x0)
)+ 1
4
ε′
(
r(x)
)
<
1
4
ε′
(
r(x0)
)+ 2
4
ε′
(
r(x0)
)
< ε′
(
r(x0)
)
,
where we applied in the penultimate inequality the doubling property of ε′ on the ball
BX(r(x0),
1
4ε
′′(r(x0)))∩M .
If r(x0) ∈ D, then the point r(x0) is contained in a coordinate ball V ⊂ BX(r(x0),
1
4ε
′′(r(x0))) ∩ D ⊂ D relative to M . By the claim above, the sets U = r−1(V ) ∩ ω′ and
r−1(V ) ∩ ω are contained in a ball BX(r(x0), ε′(r(x0))) in which r can be linearized to a lin-
ear projection. Then U = r−1(V ) ∩ ω′ and r−1(V ) ∩ ω are pseudoconvex open in X by (a)
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in V , so x0 ∈ r−1(V ), and as x0 ∈ D˜′ ⊂ ω ∩Ω ′n ⊂ ω ∩ Ω ′n+1 ⊂ ω′, i.e., x0 ∈ ω′, we see that
x0 lies in U = r−1(V ) ∩ ω′ as claimed. To check that U ∩ D˜′ is pseudoconvex open, write
U ∩ D˜′ = (r−1(V ) ∩ ω′) ∩ (r−1(D) ∩ ω ∩ Ω ′n) = (r−1(V ) ∩ ω) ∩ Ω ′n, which is indeed pseudo-
convex open, being the intersection of the pseudoconvex open sets r−1(V )∩ω and Ω ′n.
If r(x0) ∈ ∂D is in the boundary of D relative to M , then there is a coordinate ball
V ⊂ BX(r(x0), ε′′(r(x0))) ∩ M relative to M with r(x0) ∈ V and V ∩ D coordinate pseudo-
convex open relative to M . By the claim above, the sets U = r−1(V ) ∩ ω′ and r−1(V ∩ D) ∩ ω
are contained in a ball BX(r(x0), ε′(r(x0))) in which r can be linearized to a linear projec-
tion. Then U = r−1(V ) ∩ ω′, and r−1(V ∩ D) ∩ ω are pseudoconvex open in X by (a) and (b).
Just as in the previous paragraph, we must show that x0 lies in U , and U ∩ D˜′ is pseudocon-
vex open; the first of which can be argued just like above, and for the second write U ∩ D˜′ =
(r−1(V ) ∩ ω′) ∩ (r−1(D) ∩ ω ∩ Ω ′n) = (r−1(V ∩ D) ∩ ω) ∩ Ω ′n, which is pseudoconvex open,
being the intersection of the pseudoconvex open sets r−1(V ∩D)∩ω and Ω ′n.
Thus our D˜ is pseudoconvex open in X, and the proof of (d) is complete.
(e) By Theorem 2.2(e) there is a holomorphic retraction r : ω → M , where ω is pseudoconvex
open in X with M ⊂ ω ⊂ Ω . Look at r∗(E ⊕ (D × Z1)) = (r∗E) ⊕ (r−1(D) × Z1) and apply
[11, Proposition 7.1], then restrict back to D.
(f) This follows from the inverse function theorem for holomorphic maps of Banach spaces.
Note that any finite dimensional or finite codimensional closed subspace of Z1 is split, and so is
any closed subspace of Z1 if Z1 is a Hilbert space.
(g) This follows from the principle of uniform boundedness or the principle of condensation
of singularities in linear functional analysis.
(h) Let u : V → R be a locally upper bounded function, U = U1 ∪U2, and χ1, χ2 : U → [0,1]
a continuous partition of unity subordinate to the open covering {U1,U2} of U . As uχ3−i is a
locally upper bounded function on Ui , plurisubharmonic domination in Ui gives a continuous
plurisubharmonic function ψi : Ui → R with u(x)χ3−i (x) < ψi(x) for x ∈ Ui , i = 1,2. As
u(x) = u(x)χ1(x) + u(x)χ2(x) < ψ1(x) + ψ2(x) for x ∈ V , the continuous plurisubharmonic
function ψ1 +ψ2 : V → R dominates u on V . Similarly, for holomorphic domination as in The-
orem 2.1(b).
(i) Let u : M → R be a locally upper bounded function, and define u′ : Ω → R by u′(x) =
u(x) if x ∈ M , and u′(x) = 0 if x ∈ Ω \ M . As u′ is easily seen locally upper bounded (since
M is relatively closed in Ω), plurisubharmonic domination in Ω gives a continuous plurisub-
harmonic function ψ ′ : Ω → R with u′(x) < ψ ′(x) for x ∈ Ω . Then ψ = ψ ′|M is a continuous
plurisubharmonic function on M that dominates u. Similarly, for holomorphic domination as in
Theorem 2.1(b).
The proof of Proposition 3.3 is complete. 
Our main result Theorem 3.4 below gives an infinite dimensional analog of Theorem 3.1
above.
Theorem 3.4. Let X be a Banach space with a Schauder basis, X∗ its dual space, Ω ⊂ X
pseudoconvex open, M a closed split complex Banach submanifold of Ω , and D ⊂ M open
relative to M . Suppose that plurisubharmonic domination holds in every pseudoconvex open
subset of Ω (which is always the case by Lempert’s Theorem 2.1(a) if X has an unconditional
basis). Then the following are equivalent.
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(b) H 1(D,OZ) = 0 for any Banach space Z, and any continuously trivial holomorphic Banach
vector bundle over D is holomorphically trivial over D.
(c) H 1(D,OZ) = 0 for any Banach space Z, and for any corank 1 holomorphic Banach vector
subbundle E of D × X∗ over D there is a holomorphic Banach vector bundle F → D with
E ⊕ F holomorphically trivial over D.
(d) H 1(D,OE) = 0 for every corank 1 Banach vector subbundle E of D ×X∗ over D.
(e) For every g ∈ O(D,X) with g(x) = 0 for x ∈ D there is an f ∈ O(D,X∗) with
f (x)g(x) = 1 for x ∈ D.
(f) Plurisubharmonic domination holds in D, moreover, if X has an unconditional basis, then
Theorem 2.1(b) holds with Ω there replaced by D here.
(g) If X has an unconditional basis, then there are a Banach space Z with an unconditional
basis and a biholomorphism f ∈O(D,N) onto a closed split complex Banach submanifold
N of Z.
Proof. (a ⇒ b) As D = M ∩ D˜ we see that D is a split complex Banach submanifold of the
pseudoconvex open set D˜ in X. Thus (b) follows from Theorem 2.2 (b) and (c).
(a ⇒ c) Let F = D ×Z1. Then (c) holds by Theorem 2.2(a).
(a ⇒ d) Part (d) follows from Theorem 2.2(b).
(a ⇒ e) As E = Kerg = {(x, ξ) ∈ D × X∗ : ξg(x) = 0} is the kernel of the epimorphism
(with split kernel) in O(D,Hom(X∗,C)) defined by (x, ξ) → ξg(x), Proposition 3.3(f) shows
that E is a holomorphic Banach vector bundle over D. As g(x0) = 0 for x0 ∈ D, there is a
continuous linear functional ξ0 ∈ X∗ with ξ0g(x0) = 1. Then there is an open neighborhood Ux0
of x0 in D with ξ0g(x) = 0 for x ∈ Ux0 . Define fx0 ∈ O(Ux0 ,X∗) by fx0(x) = 1ξ0g(x) ξ0. Then
fx0 · g = 1 on Ux0 . Let U = {Ux0 : x0 ∈ D}, and look at the cocycle (fy0 − fx0) ∈ Z1(U,OE).
As H 1(D,OE) = 0 by Theorem 2.2(b) we have a cochain hx0 ∈ C0(U,OE) with fy0 − fx0 =
hy0 − hx0 on Ux0 ∩ Uy0 . Then f = fx0 − hx0 = fy0 − hy0 patch up to a well defined function
f ∈O(D,X∗) with f (x)g(x) = fx0(x)g(x)−hx0(x)g(x) = 1−0 for x ∈ Ux0 , x0 ∈ D. Thus (e)
follows.
(a ⇒ f) As D = D˜ ∩ M Proposition 3.3(i) shows that plurisubharmonic domination holds
in D.
(b ⇒ c) Let F = D × Z1, and apply Proposition 3.3(e). Then E ⊕ F → D is continuously
trivial, hence it is holomorphically trivial by (b), and so (c) follows.
(d ⇒ e) See the proof of (a ⇒ e) above.
(e ⇒ a) Let xn ∈ D, n  1, be any sequence of points tending to any boundary point x0
of D relative to M . Then there is a holomorphic function ϕ ∈ O(D) unbounded along the se-
quence (xn). Indeed, look at g ∈ O(D,X) defined by g(x) = x − x0. As g(x) = 0 for x ∈ D,
there is an f ∈ O(D,X∗) with f (x)g(x) = 1 for x ∈ D. As g(xn) → 0 as n → ∞, we find
that ‖f (xn)‖ may not be bounded as n → ∞ (since otherwise 1 = f (xn)g(xn) → 0 as n → ∞
would hold). Proposition 3.3(g) gives a point y ∈ X with |f (xn)y| unbounded as n → ∞. Define
ϕ ∈O(D) by ϕ(x) = f (x)y. Then ϕ is unbounded along the sequence (xn).
Let U be a coordinate ball relative to M with x0 ∈ U such that the closure U relative to M
is inside a coordinate ball relative to M . Then U ∩ D is coordinate pseudoconvex open relative
to M . Indeed, let yn ∈ U ∩ D, n  1, be any sequence tending to any boundary point y0 of
U ∩ D relative to M . Our y0 is a boundary point of U relative to M or a boundary point of D
relative to M . In either case there is a holomorphic function ϕ ∈ O(U) or ϕ ∈O(D) such that
the restriction ϕ|(U ∩D) is unbounded along the sequence (yn). Indeed, if y0 ∈ U is a boundary
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boundary point of the coordinate ball U relative to M , then Theorem 2.2(f) provides a holomor-
phic ϕ ∈O(U) that interpolates ϕ(yn) = n for n 1. Thus U ∩ D is coordinate pseudoconvex
open relative to M , as claimed, by Proposition 3.2(c).
Proposition 3.3(d) thus applies and gives us a pseudoconvex open D˜ in X with D = M ∩ D˜,
completing the proof of (e ⇒ a).
(c ⇒ a) The bundles E = Kerg introduced in the proof of (a ⇒ e) are corank 1 Banach vector
subbundles of D × X∗, and (c) provides a holomorphic Banach vector bundle F → D with
E ⊕ F ∼= D × Z holomorphically trivial over D, where Z is a Banach space. Thus by (c) we
see that 0 = H 1(D,OZ) = H 1(D,OE)⊕H 1(D,OF ), i.e., H 1(D,OE) = 0. So (c ⇒ e), and as
(e ⇒ a), we find that (c ⇒ a).
(f ⇒ a) Let x0 ∈ ∂D be any boundary point of D relative to M . There is a small enough ball
U = BX(x0, r) in Ω with U ∩ M coordinate pseudoconvex open relative to M . Then plurisub-
harmonic domination holds in U ∩ M by Proposition 3.3(i), and in (U ∩ M) ∩ D = U ∩ D by
Proposition 3.3(h), hence U ∩ D is coordinate pseudoconvex open relative to M . Thus Proposi-
tion 3.3(d) applies and gives a pseudoconvex open subset D˜ of Ω with D = D˜ ∩M .
(f ⇒ g) We follow an argument of Lempert [6] and Zerhusen [12]. If D = X, then let f be
the identity. If D = X, then let D be the closure of D in X. There is a continuous function
ε ∈ C(D, (0,1)) such that if x ∈ D, then for the ball BX(x, ε(x)) we have that BX(x, ε(x)) ∩
D ⊂ D. Define u ∈ C(D,R) by u(x) = 1/ε(x). As (f) gives a Banach space Y and an
h ∈ O(D,Y ) with u(x) < ‖h(x)‖ for x ∈ D, we see that f (x) = (x,h(x)) ∈ Z = X × Y is
a biholomorphism from D onto the graph N of h. We only need to check that N is a closed
subset of Z. Suppose that (xn,h(xn)) ∈ N converge to a point (x, y) ∈ X × Y . If x ∈ D, then
h(xn) → h(x) = y, and (x, y) ∈ N . If x ∈ D \ D, then we claim that ε(xn) → 0 along a subse-
quence, i.e., ‖y‖ + 1 > ‖h(xn)‖ > u(xn) → ∞, a contradiction as n → ∞. Suppose then for a
contradiction that ε(xn) > ε0 along a subsequence. As xn → x there is an n with ‖x−xn‖ < 12ε0,
i.e., x ∈ BX(xn, 12ε0)∩D ⊂ BX(xn, ε(xn))∩D ⊂ D contradicting that x ∈ D \D.(g ⇒ f) This follows from Proposition 3.3(i) and Theorem 2.1.
The proof of Theorem 3.4 is complete. 
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